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Abstract

Whether an almost-commuting pair of operators must be close to a commuting pair is a central
question in operator and matrix theory. We investigate this problem for pairs of C*-subalgebras
A and B of M4(C), showing that each operator in B is O(d?¢)-close in operator norm to an
operator in the commutant A’ under two complementary formulations of “c-almost commutation.”
One formulation is probabilistic, requiring that the operators of B have small commutators for
most Haar-random unitaries acting on A. This first formulation leads to two novel probabilistic
generalizations of Stampfli’s theorem, which relates an operator’s distance from the scalars
to the norm of its inner derivation. The second formulation is deterministic, requiring small
commutators between the generators of A and B; we analyze this using an approximate Schur’s
lemma formulated in terms of Weyl-Heisenberg (clock-and-shift) matrices. As an application
of our results to quantum information theory, we obtain a quantitative Tsirelson’s theorem: in
dimension d, every e-almost quantum commuting observable model is well approximated by a
quantum tensor-product model with error O(d%¢).

1 Introduction

A long-standing research theme in matrix theory asks when pairs of matrices that almost commute
must be close to a genuinely commuting pair. Initiated by [Hal76; |Ros69] for the normalized
Hilbert-Schmidt norm and the operator norm, respectively, many results have been developed for
these two norms under various structural assumptions [BH74} (Cho88; [FK10; [FR96; Gle10; Toa24;
Lin96; |Lin24}; LT70; [PS79; [Voi83|. (See Sec. for more details.) Our perspective and setup are
motivated by quantum information theory: Tsirelson’s theorem [Tsi06] establishes an equivalence
between the tensor-product model and the commuting operator model in finite-dimensional quantum
systems. This naturally prompts the quantitative question: to what extent does the equivalence
persist when the operators only approximately commute?

Keywords. Almost-commuting matrices, commutator estimates, approximate Schur’s lemma, probabilistic Stampfli
theorem, Weyl-Heisenberg (clock-and-shift) matrices, finite-dimensional C*-algebras, tensor-product factorization,
quantitative Tsirelson’s theorem.
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1.1 Contribution and structure of the paper

Let A,B C My(C) be finite-dimensional C*-subalgebras with self-adjoint generating families
{Aqjz}az and { By, }py, respectively. Under an “e-almost commuting” hypothesis for the generators—
formulated in two complementary senses made precise in Thms. and [3.7—we show that each
generator By, of B is O(d?¢)-close (in operator norm) to a self-adjoint operator Bl,)|y lying in the

commutant A’. In finite dimensions, semi-simplicity of A implies that A ~ @IL:1 B (7—[54) ® 1k, for
some Hilbert spaces H% and HlB with ]153 acting on ”H% as the identity. Consequently, Bl’)ly e A

is equivalent to B,’)‘y =@, 14 ® B!

ply> SO Our bounds yield an explicit approximate tensor-product

factorization for the pair (A, B).

The first route, detailed in Sec. [2| is deterministic. This approach controls commutator bounds
with respect to the Weyl-Heisenberg clock-and-shift matrices, which form a canonical generating set
for M4(C). The key technical tool is an approximate Schur’s lemma (Lem. , which quantitatively
shows that an operator almost commuting with the clock-and-shift matrices must be close to a
scalar, and its consequence in bipartite systems (Lem. . Under assumptions on how efficiently the
clock-and-shift matrices can be expressed using the generators {A,|,} of A (quantified by algebraic
complexity constants ¢y, co, c3), this leads to our first approximate Tsirelson’s theorem (Thm. ,
establishing the O(d?¢) estimate in the operator norm. We also discuss the scaling of the constants
c1,¢2, c3 (Rem. [2.6).

Sec. [3] presents the second, probabilistic route. Here, we relax the requirement of uniform
commutator bounds. We instead demand small commutators only for most Haar-random unitaries
within two-dimensional subspaces (aka, single-qubits), and explain how this can be generalized to
arbitrary d-dimensional subspaces in Rem. This leads to a probabilistic Stampfli’s theorem
(Thm. , relating these probabilistic commutator bounds to an operator’s distance from scalar
multiples of the identity. We further extend this to a doubly probabilistic version (Thm. by
also randomizing the two-dimensional subspaces. While the former (Thm. holds for possibly
infinite-dimensional Hilbert spaces, the doubly probabilistic variant (Thm. holds only in finite
dimensions. The doubly probabilistic Stampfli’s theorem allows us to derive our second main
approximate Tsirelson’s theorem (Thm. , again achieving an O(d?¢) error estimate.

Finally, Sec. [4] explores the applications and context of our work. We detail the construction
of an approximating tensor-product quantum strategy based on our main theorems (Prop.
see the following subsection). Furthermore, we explore the interplay between our results, the
Navascués-Pironio-Acin (NPA) hierarchy [NPAOS; [PNA10]—a convergent semidefinite programming
(SDP) hierarchy characterizing commuting quantum correlations—and computational complexity
(Rem. . We situate our results within the literature on approximating almost commuting
matrices (Sec. and conclude with a broader discussion (Sec. [4.4)).

1.2 Motivation: application to quantum information theory

Quantum information theory studies how information is represented and processed in quantum
systems. In the finite-dimensional setting relevant here, one works with states (density matrices) and
observables (self-adjoint operators/POVMs) on Hilbert spaces and asks how structural assumptions—
such as subsystem independence—constrain observable correlations.

Quantum information theory offers two different axioms for composing independent subsystems.
The standard composition axiom [NC10| postulates that the Hilbert space Hy describing a joint
system T' = { A, B} is the tensor product Hp := Hy ® Hp. Each local subsystem’s observables act
on its respective tensor factors and are identity over the other subsystem: e.g., unitaries Ug, Vg
local to subsystems A, B act on the global system T as Us ® 1g and 14 ® Vp, respectively. An



alternative axiomatization, common in algebraic quantum field theory [Lanl7|, does not introduce
the tensor product, but models independence by postulating that the observables of different parties
act on the same Hilbert space and commute. In other words, U4, Vg act on the same global Hilbert
space Hp with only [Uyx, V] = 0.

Whether these two axiomatizations result in the same physical predictions was a long-standing
problem. In particular, Tsirelson’s problem asks whether the tensor-product model and the commut-
ing operator model yield the same set of bipartite quantum correlations—a concept that has been
central to both the foundational understanding and practical applications of quantum theory since
Bell’s groundbreaking work [Bel64]. Tsirelson demonstrated the equivalence of these two models in
finite-dimensional settings [Doh+08; SWO08; Tsi06], formally:

Theorem (Tsirelson’s theorem). Let {Agy,}, {Byy} C B(H) be two sets of positive operator-valued
measures (POVMs) on a finite-dimensional Hilbert space H such that [Ag),, Bb‘y] =0 for all a,b, x,y.
Then there exists a decomposition of H ~ @Z(Hi‘ ® ’HlB), such that operators Ay, and By, take the
form

Aa|x = @(Aé\x ® 158) and Bbly = @(]llA ® Bll7|y)a
l l

where Al

alz

€ B(HY) and B!

by € B(H%). Consequently, any commuting-operator correlations

p(@b|$y) = TI'(p : Aa|ac : Bb|y)

obtained from a state p on H can be reproduced as tensor-product correlations using POVMs
Aqr € B(@, HYy) and By, € B(@, HY;) on a state p over (@, HYy) @ (B, HY), i.e.,

p(ab|xy) = T‘r(ﬁ ’ (Aa\x ® Bb|y))
The statement extends inductively to multipartite cases.

Tsirelson conjectured that the above theorem can be generalized to infinite dimensions. However,
this was recently shown to be false by the seminal work [Ji+21]: the commuting operator model
can produce correlations unattainable by any tensor-product quantum strategy. This result has far-
reaching implications including a disproof of Connes’ embedding conjecture [Con76| and Kirchberg’s
conjecture [Kir93|; see [Ozal3a| for a nice survey.

By contrast, in finite dimensions, our results lead to a quantitative robustness version of
Tsirelson’s theorem: if a d-dimensional bipartite strategy is e-almost commuting in the sense of
Thms. and then its correlations are approximated by those of a genuine tensor-product
strategy with error O(d?e) (Prop. . This is a quantitative counterpart to Ozawa’s asymptotic
result |Ozal3b|, further demonstrating that, in finite dimensions, the tensor-product model remains a
sound effective description when subsystem independence holds only approximately. The multipartite
extension follows by induction, as in the original Tsirelson’s theorem.

2 Weyl-Heisenberg (clock-and-shift) formulation

In this section, we present our first main result, a deterministic version of Tsirelson’s theorem in
Thm. Recall the key ideas for proving Tsirelson’s theorem (see, e.g. [Doh+08, App. A]): any
finite-dimensional C*-algebra A generated by Alice’s observables A, decomposes as a direct sum



of simple blocks A ~ @, B(HY) ® 1%, and by Schur’s lemma, Bob’s commuting algebra B must lie
in @, 14 ® B(HY).

Our approximate analogue replaces “commutes” by “almost commutes”. In particular, to
formulate our results, we pick Sylvester’s clock Y3 and shift 31 unitaries as generators: almost
commuting with this pair already controls an operator in every direction.

With these generators we prove an approximate Schur’s lemma (Lem. and its bipartite
version (Lem. . Next, we show an approximate Tsirelson’s theorem for simple algebras (Lem. ,
and then by the same block-decomposition argument, a general approximate Tsirelson’s theorem
(Thm. [2.5). We finish with a discussion of scaling (Rem. [2.6)).

2.1 Clock-and-shift matrices

Recall Sylvester’s clock-and-shift matrices [App05|, which generalize the Pauli matrices to a d-
dimensional Hilbert space H ~ C% Also known as the Weyl-Heisenberg matrices, they are
fundamental in finite-dimensional quantum mechanics due to their connection to Weyl’s formulation
of the canonical commutation relations. These matrices serve as analogs of position and momentum
operators in finite-dimensional quantum systems.

Let w = e2™/¢ be the dth root of unity. Using Dirac’s notation, denote by {|i) | i =0,...,d — 1}
the standard basis of H, and |i + j) is understood up to mod d. Then the shift matrix ¥; € B(H)
is defined by ¥ : |i) + |i + 1) and the clock matrix is defined by X3 : |i) — w’|i). More explicitly:

00 --- 01
10 - 00 10 -0
0 w 0
Y = o1 --- 00 . g = CoL : ] (1)
R o T4
00 --- 10 00 «

The notation comes from the fact that the shift matrix X3 (resp. clock matrix 1) is a generalization
of the Pauli Z-matrix o3 (resp. X-matrix o1) when d = 2. The clock and shift 33,3 satisfy a
generalized algebraic relation of the Pauli matrices in the sense that

»=xd=1,

_ (2)
2321 = leEg.

Also note that both ¥1,3¥3 are unitary and traceless, but no longer Hermitian when d > 2. Lastly,
they give rise to an orthogonal basis of B(#) (w.r.t Hilbert-Schmidt inner product) composed of
unitary matrices

d—1

{or =285 = 3" wi'lj + k) (il o<kaza—t, (3)
j=0

where [j + k) (j| := (17 + k)" [7)-

2.2 Approximate Schur’s Lemma and its bipartite version

Elementary linear algebraic arguments lead to an approximate version of Schur’s Lemma for finite-
dimensional Hilbert spaces. Write ||-||op for the operator (spectral) norm and ||-||max for the max
norm, i.e., [|[Al|max = max; j|A;;|.



Lemma 2.1 (Approximate Schur’s Lemma). Let ‘H be a d-dimensional Hilbert space, d < oo.
Consider a fived matrix C € B(H) ~ My(C) and suppose there exists an € > 0 such that, for both

i1=1,3,
1O, Zilllop < e.
Then there exists ¢ € C such that
|C — clllop < (d—1)e.

Proof. Note that for any matrices X,Y, Z we have

XY, Zlop = [IXTY 2] + [X, Z]Y Jlop < [ XloplI[Y Zllop + 11X Z]llop Y [lop-

Then, by induction and the fact that | ¥;||op = 1, we have

IC, S llop < ke

(4)

()

Next, note that C'Yq is the matrix where each column of C' is cyclically shifted leftward, and ¥, C
is the matrix where each row of C' is cyclically shifted downward. That is, for all ¢, the (i,7— 1)-entry
of C%y is Cyj, while the (4,7 — 1)-entry of (£;C) is Cj_1,—1. Then the assumption imposes that

|Cii — Ci1,i—1] = |[(CE1 = £1C)ii—1| < ||CE1 — Z1C|max < ||[C, Er]llop < €,

Consequently,

|Cii — ETr(C)\ = d\zj:(CM-—ijﬂ < ﬁ(0+5+”'+(d_ 1)e) = —e

by repeated uses of the triangle inequality.
Moreover, observe that diag(C) =1/d Zz;é YEOYSF, since

Z shkongk Zw’“@ D Cij = 8;;Cyj.
dé;, ;

It follows that

d 1 4!

|C — diag(C)|lop = g C—E§ngk)|yop gZH[E’gf,C]EQkHop
k=0 k=0
—1

d d

—1
11Z5, Clllop 125 ¥ lop < st 1% =

<

S

k=

[e=]

Finally, let ¢ = 1/d Tr(C), we compute

: . 1
1€ = cllop < [|C — diag(C)lop + [[diag(C) — = Tr(C)Llop

1 1 d—1 d—1
5+maX|Cii—g r(C )|<T€+

gd_ e=(d—1)e.



O]

Via manipulation of the Kronecker tensor product formula, we quickly obtain a bipartite version
of approximate Schur’s Lemma.

Lemma 2.2. Consider two Hilbert spaces H1 with dimension di and Hy with dimension dy. Suppose
for the matriz C € B(H1 ® Ha), there exists some € > 0 such that

IC, 11 @ Z]llop, [I[C; 11 @ Ts]llop <. (6)

Then the matriz C' = 1/ds Tryy, (C) € B(H1), where Try, denotes the partial trace B(Hi @ Ha) —
B(H1), satisfies

|C — C' @ 1a|lop < didie. (7)

In addition, if C is positive semidefinite then so is C'.
Proof. Note that
Can - Caay
Cay  Claran)

where each C(;;) is some dz x d matrix in B(Hz). Similarly, we have that

i)
%
1, % =
%

are block matrices with only ¥; on the diagonal. Since the operator norm of a matrix upper-bounds
the operator norm of its blocks, the condition ||[C, 11 ® ¥;]||op < € implies that, for all &, 1,

1Cxt)> Z1lllops C(kays Xs]llop < e

Then, applying the approximate version of Schur’s Lemma for each k,l we check ¢ 1=
1/ds Tr(C(kl)) satisfies

1C01) — ckil2llmax < [Ciy — crlzllop < (d2 — 1)e < dae.

Defining C’ = (¢x;) € B(H1), it follows that

ciilla -+ cig 12
Cl®]].2: .

caily -+ cqia o
Hence,

HC - Cl ® ]12Hop < d1d2||0 - Cl ® ]IQHmaX < dldQ Ink?X(HC(kl) - Ckl]lQHmax) < dldgf'

(Note that the above operator norm upper bound of C'— C’ ® 12 via its block is the tightest general
bound, e.g., consider the matrix whose entries are all 1 and take each entry as a block.)



Lastly, observe that C’ is in fact the normalized partial trace of C, since

Tr(Can) - Tr(Cuay) e g
Try, (C) = : : =dy| .. 1 | =doC.
Tr(Clayny) -+ Tr(Clayay)) Cail vt Cdidy

This implies that if C' is positive semidefinite, then so is C’, due to complete positivity of the partial
trace [Bla06, Ch. I1.6.10] 0

2.3 Approximate Tsirelson’s theorem from clock-and-shift matrices

Before presenting the approximate version of Tsirelson’s theorem, we recall the Artin-Wedderburn
decomposition of a finite-dimensional C*-algebra [Bla06, I11.1.6.4, I1.8.3.2(iv), and III.1.5.3].

Lemma 2.3. FEvery finite-dimensional C*-algebra A is semi-simple. That is, there exists an
Artin-Wedderburn decomposition

A=EP A,
k

such that each Ay is simple, i.e. contains no non-trivial closed two-sided ideals.
Furthermore, if A C B(H) is simple, then there exists a bipartite partition of H such that
H=H1®Hy and A~ B(H;) ® 1,.

This structural result gives a road map: first prove the simple version of approximate Tsirelson’s
theorem, then the general case follows. For the following approximate Tsirelson’s theorem, let us
impose extra assumptions on the “generating power of the strategy”, represented by the constants
c1, ca, c3 below.

Lemma 2.4 (Approximate Tsirelson’s theorem, simple case). Let ‘H be a d-dimensional Hilbert
space H. Let A C B(H) be generated by contractive self-adjoint operators {Ay,} and B C B(H) be
generated by contractive self-adjoint operators {Bb|y}. Assume that there exists an € > 0, such that
for all a,b, x,y,

I Aaje, Bojylllop < & (8)

Suppose that A is simple, i.e. there exists a bipartition H = Ha ® Hp such that A~ B(H4) @ 1p
and Agjp = A:1|x ® 1p for all a,x.

Suppose that the clock-and-shift matrices 3,51 € B(H4) are generated by some polynomials
P;, P in {A;|x}' Assume, moreover, that the maximal absolute value of their coefficients is bounded
by c1, the mazximal degree is bounded by co, and the mazximal number of terms is bounded by c3.
Then there exist operators Bl/)\y € B(Hp) such that, for all b,y,

HBb|y —14® BZ/)\yHOp < 010203d2€. (9)
In addition, if By, is positive then so is BI/7|y
Proof. Note that for any matrices X,Y, Z we have

XY, Zlop = IXTY Z] 4+ [X, Z]Y [lop < [ X loplI[Ys Zllop + 11X Z]llop Y [lop- (10)



Then for any monomial v in {4, } of degree k, one can use the fact that || A,,[[op < 1 to inductively
compute

H[ava\y]HOP < kr%%}XHAaWHOPH[AaMaBb|y]”0p < ke.

Then, for polynomials ¥; = P;({A),}), we have
134 Bejylllop < ercaes max([[[Aaje, Bejylllop) < ercacse,

and we are done by Lem. O

Remark that the “contraction” requirement is not necessary and one can reproduce the same
result by replacing e by ¢/|[Ag|z|lop- The simple version can be readily generalized to the general
finite-dimensional case with Lem.

Theorem 2.5 (Approximate Tsirelson’s theorem, general case). Let A be generated by contractive
self-adjoint operators {Ay,} C B(H) and B be generated by contractive self-adjoint operators
{Byy} C B(H) for some d-dimensional Hilbert space H. Assume that there exists an € > 0, such
that for all a,b,z,y,

I[Aajzs Bojylllop < € (11)

Suppose also that A admits the Artin- Wedderburn decomposition
L L L
A= @Al = @B(/H%A) ®]llB and Azz|a: = @Aiﬂx ®]ll ’
=1 =1 =1

with the corresponding orthogonal projectors II; to the direct summands. Denote by b, Ell € B(?—lféx)
the clock-and-shift operators in 7—[54.
Furthermore, suppose that there exist polynomials Py, 11, Qé, foralll =1,..., L such that

I, = P({Ay.}), &1 = Q1 ({IL Ay, TI}), and B = Q5({IL Ay, T1}).

Assume that their absolute values of the maximal coefficients are bounded by the constant c1, the
degrees are bounded by the constant co, and the maximal number of terms is bounded by the constant
c3. Then there exist operators Bl’,|y € @le ]llA ® B(HZB) = A’ such that, for all b,y,

HBny - Bl/;|yHOp < 2c1e9¢3 (creacs + 1) d2e. (12)

In addition, if By, is positive then so is Bl/)|y'

Proof. First, we wish to apply Lem. @ to each I} A, ,I1; € A; and the corresponding IT; By, IT;. To
this end, note that, by straightforward calculations, one has

[ [Bb|y7 11| HOP < crezcs [Aa|wv Bb|y] HOP < cicacze
and

[HlAa\xHh Hle\yHl] =15 [Hla B]Aa\znl + 11, [Aa\ma Bb|y]Hl + HlAa\x[Ha Bb|y]Hl~



It follows from || Az [lops [[Tli[lop < 1 and the Cauchy-Schwarz inequality that
10 Ao T2, T By I flop < (|12, Blllop + [[[Aajzs Bojylllop + I[TL Bypylllop < (2¢1¢2¢3 + 1)e.
Therefore, by Lem. there exists for each [ some positive semidefinite Bé‘y € B(HY,) such that
T By, I — 1Y © By, llop < crcacs(2c1cae3 + 1)d7e,
where d; = dim(H}, ® HY).

Now, By, does not admit the same direct decomposition as A due to [I1;, By, ] # 0. Thus, we
need to also estimate

1Byy — > TUBy, Tiflop < 1> LBy, Iy — Y T By, I lop
! Ll !

<D By, T lop

1Al

< ZHHlHl’Bb\y + 11 [Bb|y7 Hl’] HOP
1Al

< 2 I Wllop [[Byjy el llop < L(L = Dereacae,
£V

where the completeness and orthogonality of II; are used.
Finally, one sees that

L L L L
1Byy — P 14 @ By llop < 1Boy — Y By Millop + 1Y By, I — @D 14 @ By llop

=1 =1 =1 =1
L
< L(L — 1)0162636 + Z 610263(2610263 + 1)d12€ < cicocs (L(L — 1) + (2016203 + 1)d2) E.
=1
Note L < d, so we are done by defining Bl,)|y = @le 14 ® Bé‘y. O

While all results in this section are formulated in terms of the Weyl-Heisenberg (clock-and-shift)
matrices X1, X3, we observe that any full generating set (e.g., the matrix units Fy; = |k)(l|) would
still work. We finish the section with a remark on the factors ¢y, o, cs.

Remark 2.6. Note that the bound Eq. has an O(d?c) scaling for fived c1,co,c3. We finish the

section with some comments on these factors c1,ca, c3, which are generally example-specific.

1. The generating polynomial degree co is related to the length of algebras with known dependence
on the dimension d. The conjectured bound is O(d) according to [Paz84), while the best proven
bound is O(dlog(d)) due to [Shil9]. The bound is O(logd) when a “generic” assumption is
met as detailed in [KS16].

2. The number of terms in generating polynomsials cs is related to ca. In the worst case scenario,
c3 is the number of possible monomials of {Aa|x} up to degree ca, which grows exponentially

incy (i.e. c3 < ZZQZO(’{ACL‘Q?}D]C)

3. The coefficient magnitude c1 can be challenging to bound generally. While specific algebraic
structures might lead to large c1, work by [Pas19] offers a systematic approach. It involves



constructing a matriz P from the POVM generators, whose properties (e.g., its singular values
or entry magnitudes) can serve as an indicator for the likely behavior of c1.

3 Haar-random single-qubit unitary formulation

In this section, we present our second main result, a probabilistic version of Tsirelson’s theorem in
Thm. Since this will have a matrix generator independent formulation, we start by looking for
a uniform version of Schur’s lemma. Such a result is given by Stampfli [Sta70, Thm. 4 & Cor. 1].

Theorem 3.1 (Stampfli’s theorem). Let C' € B(H) for some Hilbert space H of possibly infinite
dimensions. Then

sup 1[C, Blllop = inf 2||C — ¢1]]op. (13)
BEB(H): || Bllop=1 ceC

Moreover, if C is a normal operator, then

nf|C = ellop = R(a(C), (14)

where R(o(C')) is the radius of the minimum enclosing disk of the compact set o(C') C C. Note that
R(c(C)) is not the same as the spectral radius of C.

In particular, if ||[C, B]||lop < € for all B of norm 1, then C' is £/2-close to some scalar operator
cl in operator norm. Note that ||[C,U]||op < € for all unitaries U is equivalent to the assumption
that ||[C, B]||op < € for all B of norm 1 due to the Russo-Dye theorem [Bla06, Cor. 1I1.3.2.15].

While mathematically pleasing, Stampfli’s premise is too strong in physical scenarios, since
testing commutators with all operators B satisfying || B||op = 1 would require probing an uncountable
family of observables. Therefore, in this section, we revisit Stampfli’s theorem through a physically
motivated probabilistic approach—the Haar-random single-qubit unitary formulation. Here, “single-
qubit” in physics jargon refers to C2-subspaces (more generally, “qudits” are C¢ for any d > 2).

We first show that the demanding requirement “C almost commutes with every unitary” can
be relaxed to “C' almost commutes with most single-qubit unitaries taken at random”, yielding
our probabilistic Stampfli theorem (Thm. . Because the Haar measure is unavailable in infinite
dimensions, the randomization is implemented by sampling Haar-random unitaries inside every two-
dimensional subspace. However, checking every two-dimensional subspace in an infinite-dimensional
space is still unrealistically demanding.

Hence, we then push the idea further: by also randomizing these two-dimensional subspaces, we
obtain a doubly probabilistic Stampfli’s theorem (Thm. that is better aligned with realistic
experiments. Though, due to the technicality of randomization over subspaces, our result necessarily
restricts to finite dimensions. Finally, we develop another approximate Tsirelson’s theorem (Thm. 3.7))
based on this doubly probabilistic Haar-random single-qubit unitary formulation.

We observe that the above results can also be formulated with d-dimensional subspaces for

arbitrary d (Rem. [3.4).
3.1 Probabilistic Stampfli’s theorem

The first probabilistic relaxation of commutation can be written as follows: for Haar-random
unitaries U, there are €, > 0, such that the probability of having a small commutator (< €) with
U is high (> 1—9).

10



For notational convenience, from now on denote by Gr(2,H) the Grassmannian of H, this is a
manifold whose elements are exactly two-dimensional subspaces K C H. Let ux denote the Haar
probability measure on the unitary group U(K) in B(K).

We first consider self-adjoint operators, and the general case follows from the standard decompo-
sition into real plus imaginary parts.

Lemma 3.2. Let ‘H be a Hilbert space of possibly infinite dimension, and let C € B(H) be a
self-adjoint operator. Given € >0 and 0 € [0,1], suppose that

Pr {[|[[PcCPc,Ulllop <e} >1-46 (15)
U~pk

for every subspace K € Gr(2,H) with projector Px. Then

. . V2 1 5
0 €~ Lo < min (2 (VI= 8 +2V3(Clla) [1_5] o) (16)

Note that the bound [{15]5 generally behaves better when § is small (e.g., it reduces to e

when § < 1/2), while the bound @ (\/1 —de+ 2\/3\\C’Hop> is more stable and does not blow up
as 6 — 1.

Proof. Let us first derive the bound ? (x/l —de+ 2\/5“C’Hop>. The central object to bound

is E||[PcCPx,U ]||gp—while the upper bound is straightforward, the lower bound requires more
work. The main idea is to identify K = Span{|¢1),|12)}. Up to infinite-dimensional subtlety,
the vector |11) (resp. |12)) is chosen to approximate the “eigenvector” of C' associated with the
minimal (resp. maximal) “eigenvalue”. On this K, one can then lower bound ||[PcC P, Ul|lop by
2inf.cc||C — c]lHng using the radius of spectrum of C, and then apply Stampfli’s Theorem

We begin with the spectral theorem for the bounded self-adjoint operator C' [Bla06, Ch. 1.6.1]:
there exists a unique projective-valued measure F such that

C = / AdE(N).
o(C)

Note that the spectrum o(C') satisfies

o(C) | inf (|Cy), sup (P[Cl¢)

s = [/\mina )\max]-
llblla=1 llella=1

We can check in this case that R(c(C)) = %(Amax — Amin)-
If Anin = Amax, then C'is automatically a scalar operator and the conclusion is trivial. Otherwise,
given an 1 > 0, we may consider intervals I, [ C o(C) such that

Il - [)\mina Amin + 77] N U(C)v I2 = [)\max -1, AmaLx] N U(C)

with the corresponding spectral projections F(I1), E(I2). Fix two unit vectors, |¢1) € E(I1)H and
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|the) € E(I2)H. Direct calculation shows

(W11(C = ALy |th1) = / (A = Amin) dn (V) = / (A = Auin) d(N) < 77,

a(C) I
(s Ot — C)lbs) = / O = Vi) = /1 Cuna — A) dit(2) < 12,

where the measures p;(X) = (1;|E(X)|1);) are supported on I; for i = 1,2.

Subsequently, we identify K = Span {|¢1),|¢2)} € Gr(2,H) with projector Px. Clearly Cx =
PiCPc € B(K) is a two-dimensional self-adjoint operator, so we denote its two eigenvalues by
Hmin, max, and R(o(Cx)) = 1/2(lmax — min). Then, the above two inequalities show that

pmin < (1|Ciclhr) = (Y1]Clr1) < Amin + 177
Hmax = <w2‘CIC"¢2> = (¢2!CW2) > Amax — 772-

By Stampfli’s Theorem

inf [|C' — clylop = R(c(C)) = 1(AW — Amin) < 1(umax — fimin) + 177 = 0f||Cxc — eli|op + 77,
ceC 2 2 ceC

To upper bound inf.cc|/Cx — clkllop, Wwe work with the eigenbasis {|gmin) ,|tmax)} of Ck
associated with {fimin, fimax }- In this basis, every unitary U € B(K) satisfies [|U |ptmin) |3 = |U11]* +
|U21]? = 1. Moreover, if U is also Haar-random, then the two random variables |Uy1|? and |Us; |? are
identically distributed. By symmetry it follows that the expectation values E|Uj;|? = E|Uy|? = %
Then, one checks that

E|[Ck, Ull3, = Ell(CxU — UCk) |min) |13
= EHCKU ’Nmin> — U pimin ’Mmin>Hg
= E||(Ck — ptmin 1)U | ttmin) |13
= E (|U11[*(#min — Hmin)”® + [U21]* (Bmax — Hmin)?)
1

= QZ(Mmax - ,U/min)2

_ 2 _ o 2 . 2 2

= 2R(0(Ck))” = 2 inf [|Cc — clcfgp > 2 inf |C = clpllop — 1.
Since n > 0 is arbitrary, it follows that

inf||C' —cl < inf||Cx — cl = R(o(C

nf[C = clulop < if|Cic — clxlop = Ro(Cr),

(17)

. 2 2
and 2CII€1£HC - Cﬂ'H”op < EH[CIC’ U]”op?

using the previous inequality, which will also be used to derive the other upper bound.
On the other hand, Eq. is equivalent to Pry, {||[C,U][3, < &®} > 1 — 4, which implies

12



that

E|[Cx., Ulll, = oor lCk Ulliap < €%} - E(l[Cx, Ullley | 11Cx, Ullla, < €2)
+ Pr {llC Ulliap > €%} - E(l[Cx. Ullle, | 11Cx. Ullla, > €2)
< (1=0)e +6-[|[Cx, U3, < (1= 0)e* +6- 4] Cf3,.

The first inequality is justified due to reducing the weight of the smaller conditional expectation
(< £?) while increasing the weight of the larger one (> £2) can only enlarge the total, and the second
one is a basic calculation. It follows from the lower bound Eq. that

1 2
< LBk Ul < 2 (V=2 +2V8Clur)
V2 2
We now derive the upper bound [z 5} £ with a Steinhaus-Weil-like argument. Let Ax = {U €
U(K) | I[PcCPc,Ulllop < €}, then Eq. (T5) implies that ux(A4) > 1— 4. Also, A! = AL = Ay,
since for any U € Ax one has that

inf||C — ¢l
32«3” cla|lop

I[P<CPe, U llop = IU[PcCPi, UU lop = I[PcCPic, Ulllop-

Let | = [{5], we claim that Al = U(K). Indeed, since U(K) is compact and connected,
inductive application of Kemperman’s theorem [Kem64, Thm. 1.1] implies that

1

pic(Afe) > min(1, 1 - px(Ax)) > 15

[(1=6) 21 =puc(U(K)),

consequently Al- = U(K).
Therefore, every V € U(K) is of the form V = Hézl U; for some U; € Ax. By the definition of
Aj and an inductive application of Eq. , we have

l

11Cx, Villop = ICic, [ [ Uilllop < le = [T (18)
i=1
But then, by the original Stampfli’s Theorem and Eq. , we conclude
. . 1 1 e
EIC — ctulop < nfCrc = cliclop = 5 sup_PCPiVllop < 515
O

Theorem 3.3 (Probabilistic Stampfli’s theorem). Let H be a Hilbert space of possibly infinite
dimension and let C € B(H). Given e >0 and ¢ € [0, 1], suppose that

Pr {[|[PxCPg,Ulllop <€} =21-0 (19)
U~k
for every subspace K € Gr(2,H) with projector Pic. Then

. . 1 _¢
;gchHC — C]I’HHOP S min <\/§ (\/ 1-— (56 + 2\/3”0“013) s ’Vmw 2) . (20)
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Again, the bound [1%5]% behaves generally better in the high confidence regime (§ — 0) while
the bound /2 (vl —de+ 2\/3“C||Op> is more stable in the low confidence regime (6 — 1).

Proof. To derive the first bound /2 <\/1 —de+ 2\/5||CHOP), let

1 o1 .
H=(C+C%), K= (C~C)

be the unique self-adjoint operators such that C'= H + iK. For any K € Gr(2,H) with projection
Px, write Cx = PcCPx, Hc = PcHPx, and Kx = PcKPx. Clearly both Hx and K are still

self-adjoint. Pick z,y as minimizers such that
|Hi — 21x|lop = inf|[Hx — clk||op,
ceC

| Kx — yﬂKHop = inf[|Kx — C]1K||0p-
ceC

(One can check that z,y are actually the average of the largest and smallest eigenvalues of Hy, Kx.)
Note that both || Hx|lop, [[Kxllop < |Ckllop < [|Clop by the triangle inequality.
Next, for every unitary U € B(K) direct calculation shows that

11Ck, Ulllop = IU[Cx, U*]U |lop = [I[Crc; Ulllop-
Then

I8, Ulllop < 5 (I[[Cc; Ulllop + [[[Cic; Ulllop) = I[Crc, Ulllop

N |

and likewise for ||[Kx, Ulllop < |[[Ck,Ulllop. Therefore, for each Haar-random U € B(K) such that
I[Cx, Ulllop < €, the same commutator bounds apply to both Hi, Kx, i.e.

ST AllHi, Ulllop = e} = Pr {{[[Kic,Ulllop <€} 21-4.
~RK Urvpx
It follows from Lem. [3.2] that both

V2
|H = wLicllops 1K = yLicllop < 5= (VI=32 +2V6Cllop) .
which implies
inf | = clllop < [|(H +iK) = (2 +iy)Lop

< IH = @Wlop + Ji(K = y1)lop < V2 (V1= e +2V5]Cllp)

Finally, the bound [ﬁ}% directly follows from Lem. since the proof does not rely on the
self-adjointness. O

Observe that when the commutator is smaller than e with high confidence (6 < 1/2), we recover
the original Stampfli’s Theorem up to a factor of 2 (¢ instead of €/2), which shows up to
compensate for the fact that we need to consider A% (from the proof of Lem. .
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Remark 3.4. One can generalize the setting of Thm. to Haar-random unitaries U € B(K)
when 2 < dim(K) < oo, at the cost of having a slightly worse constant factor:
clgquHC — c1y|lop < min (2\/5 (\/1 —de+ 2\[(5||CHOP) , [%—61 ;) . (21)

The second bound (ﬁl% can be shown the same way as that of Lem. as the argument only
relies on the compactness and connectedness of finite-dimensional unitary groups. We now give a
sketch of the proof for the first bound.

For simplicity assume K = H and C = C* € B(K). Let Apax be the maximal eigenvalue of
C with eigenvector |Amax) and Amin be the minimal eigenvalue with eigenvector |Amin), and let
R = (Amax — Amin)/2. By the pigeonhole principle, at least [d/2] of the eigenvalues lie in the interval
[Amax — Ry Amax] 07 i1 [Amin, Amin + R]. Without loss of generality we assume the former so that
there are > d/2 of them are in [Apax — R, Amax]-

In the eigenbasis {|Amin) s - - - |Amax) } of C, the vector U |Amin) is the first column of a Haar-

random unitary U € U(d). Hence by the same symmetry argument that E|U;|? = 1/d for eachi. A
direct calculation shows

E||[C, U]|y§p > E|[(C = Apin))U [ Amin) |3 = E § IAi = Amin||Uia)?
d .1 R?
>E E |Ai — Amin|“|Uia|” > 2R il

A€ [)\max*R,)\max]

The exact same proof then leads to /2 factor for the self-adjoint case and consequently 2v/2 for the
general case.

3.2 Doubly probabilistic Stampfli’s theorem

While Thm. is a proper generalization of the original Stampfli’s theorem, we note that the
Haar-random single-qubit assumption is still not physical enough. Indeed, it requires verifications
of almost commutation over all single-qubit subspaces K € Gr(2,H), which is unrealistic.

We therefore consider a doubly probabilistic generalization: also randomly sample two-dimensional
subspaces K € Gr(2,H) and then check the almost commutation for Haar-random unitaries in B(K).
This is far more reasonable in physical implementations.

However, the random sampling of two-dimensional subspaces in infinite-dimensional H does not
make sense. In fact, it is well-known that the Grassmannian Gr(2,H) does not admit a non-trivial,
o-finite, U(H)-invariant Borel measure when dim(H) = co. Hence, we consider the finite-dimensional
setting for the doubly probabilistic generalization.

Now, Gr(2,H) does admit a probability measure vgy(23) when dim(#H) = d < oo. In particular,
the notion of a random two-dimensional subspace K is equivalent to the following:

(a) Fix two orthonormal vectors |v1),|ve) € H as the reference two-dimensional subspace.
(b) There exists some Haar-random U (d)-unitary V' € B(H) such that K = VSpan {|v1), |v2)}.

Thanks to the invariance of Haar measures, |v1) and |vz) can be chosen arbitrarily. This allows us
to formulate and prove another generalization of Stampfli’s theorem.
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Theorem 3.5 (Doubly probabilistic Stampfli’s theorem). Let H be a d-dimensional Hilbert space
and let C € B(H). Given e >0 and d,n € [0, 1], suppose that

pe b (IACR Ul <} 2 1-0) 210, (22

Krvgre,n)y (Ui
where Px denotes the projection onto IKC. Then

[d2 —1
ianC—an}|Opg2 6min< (1=n)(1=08)e+2||Cllop/6(1 —n) +n,

ceC
(23)

Vi—a|— 515+2||0|0m>-

and this upper bound necessarily depends on the dimension d. In addition, the leading factor can be
reduced to /(d*> —1)/6 when C' is self-adjoint.

Depending on the specific values of (g, 9,7, ||C||op), one bound might be tighter than the other.

Proof. Let us begin with the first bound 24/ d26_1 <\/(1 —n)(1—0)e+2||C|lopy/6(1 —n) + 17). It

is sufficient to show the case when C' is self-adjoint, as the general case follows by the same
argument in the proof of Thm. [3:3] Analogous to Lem. [3.2] here we instead try to bound
EIC~VG1.(2,H)EU~#;<||[CK7 Ulllop for Cx = PcCPx.

By the definition of expectation values and the trivial commutator bound, the upper bound is
straightforward:

Excmua s B~ [[Cics Ulllp < (1 =) - (1 = 6)e? +43|[C|[3,) +n - 4] C|15,- (24)
For the lower bound, Eq. already shows that
Evnpuc [[Cre, U3, = 2R(0(Ck))?,

where R(o(Cx)) is the radius of the spectrum of Cx. Thus, the rest of the proof amounts to
calculating Exug, , 4, B(0(Ck)).

We first calculate R(o(Cx))?. To this end, denote by ); the eigenvalues of C with the corre-
sponding eigenvectors |\;). By the discussion preceding the theorem, there exists some Haar-random

U(d)-unitary V' € B(H) such that K = VSpan {|A1),|A2)}. It follows from C' = )", Aix|Ag) (A that

(Ci)ij = NIVECVIN) = MViiVig
k

in the basis {V' |A1),V |A2)}. Then

1
R((Ck))* = ;(Tx(Cx)” — 4det(Cx))
= Z ML (Via Vet Vit Vin + ViaVieVie Viz — 2Via Vi VieViz + 4Vit Vie Vie Vi)
k.l

using the convenient trace-determinant formula for 2 x 2 matrices.

To compute Ex g, 5, (Vieyay Viegas Viyby Vioh, ) for a Haar-random unitary V' € B(H), we can use

16



Weingarten calculus [CS06, Cor. 2.4]. One checks that

Exvg,oq (0 Z)\k)\z 6(5kl )
- Qd(df_l) (dTr(CQ) - Tr(C)Q) > MQS_DR(U(C))?

The last inequality with factor (d* — 1) is in fact sharp. To see this, observe that (dTr(C?) —
Tr(C)?)/d? is the variance of {)\;} with uniform distribution. Given a fixed R(c(C)) = (Amax —
Amin)/2, the variance is minimized when all non-extremal eigenvalues \; = (Amax + Amin)/2, whence
dTr(C?) — Tr(C)? = 2dR(c(C)). Another sanity check is to consider d = 2 which gives the trivial
constant 1.

It follows that

3R(0(C))?
E’CNVGr@,H) EU’VN}C || [C]C, ] ||0p = Wa
and we are done by Eq. .
Finally, we show the second bound /1 — { —‘5 + 2||Cllopy/7- Recall Eq. (18)) from the proof
of Lem. every V € U(K) satisfies that ||[Cic, V]|lop < [125]e. That is,

Py {Pr (PO P Villop < I

eb>1—-0p,>1—n.
Krvarewy (Vopc —‘}7 } 1

Then we are done by setting £ — [15]e and § — 0 into the first bound. O

Observe that if one has the power to verify the e-almost commutation directly over the unitary
group U(H) of H beyond just the two-dimensional qubit unitaries, then Rem. applies and the
conclusion of Thm. simplifies to Eq. .

3.3 Approximate Tsirelson’s theorem from Haar-random single-qubit unitary

We refer to the method of randomly sampling a single-qubit subspace K € Gr(2,#H) and then
certifying commutation with Haar-random U(2)-unitaries in B(K) as Haar-random single-qubit
unitary sampling. Thus, with the doubly probabilistic Stampfli’s theorem as in Thm. we can
analogously formulate and prove an approximate version of Tsirelson’s theorem, resulting in another
version of the quantitative Ozawa’s result |Ozal3b].

Lemma 3.6. Consider two Hilbert spaces H1 with dimension di and Ho with dimension do, and let

C € B(H1® Ha). Given e >0 and 0,n € [0, 1], suppose that

Py {Pr {||[<11®PK>0<]11®PK>,]11@UmopSe}zl—a}21—n, (25)

K~pgra,mg) (Unpk

where P denotes the projection onto K C Ha.
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Then C' = 1/ds Try, (C) € B(H1) satisfies

3—1 .
[C — C" @ 1alop < 2d4 26 mln( (1—-n)(1—=0)e+2||C|lopv/6(1 —n)+n,
(26)

VI 5}s+2ucuom>.

Consequently, if C is positive semidefinite then so is C'. Note the leading constant 2dy can be
improved to di when C' is self-adjoint.

Proof. This proof is almost identical to that of Lem. Adopting the same notation, we point out
the only difference: Thm. implies that

z-1 .
1C 1y — crilallop < 24/ 26mln<V(1 —n)(1 = 98)e+2[|CllopV/6(1 — 1) +n,

VIiTa[ 5]s+2||0||0m>,

where we use the fact that ||Cllop > [|Ciyllop- Hence,

IC = €' & allop < dy max]|Cy — il lop
gives the desired bound. Note that the above inequality is sharp when all ¢i; are the same, meaning
that the dimension scaling d; is also unavoidable. O

For the non-simple version of approximate Tsirelson’s theorem, similarly to Thm. one needs
to assume additional commutator bounds with the simple projections.

Theorem 3.7 (Approximate Tsirelson’s theorem, Haar-random unitary case). Let A be generated by
finitely-many contractive self-adjoint operators { A} C B(H) and B be generated by finitely-many
contractive self-adjoint operators { By, } C B(H) for some d-dimensional Hilbert space H. Suppose
that A admits the Artin-Wedderburn decomposition

L L L
A=PA~@PBAHY) @1l and Ay, = P AL, @ 15,
=1 =1 =1

with the corresponding orthogonal projectors 11; onto the direct summands.
Given € > 0 and §,n € [0, 1]. Suppose that,

Pr { Pr {|[[U; ® 1%, (P @ 1) By, I (Pt ® 15)][|lop < €} > 1 — 5} >1—n, (27)

1P ~
K VGr(2,’Hf4) U Myl

where Py denotes the projection onto Kl c Hfél. Furthermore, assume that for all b,y,1

|11, Bbly]HOp <e. (28)
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Then there exist operators Bll)|y € @ZL:1 ]llA ® B(HZB) = A" such that, for all b,y,

1By — By llop < d(d — 1)e + d\/d26_1min<\/(1 T —8)e+ 2850 ) 1,

(29)
1

=gl

In addition, if By, is positive then so is B{)|y. Note that the bound has an O(d%e) scaling.

Proof. The proof is analogous to that of Thm. so we only give a sketch. Since By, is self-adjoint
and || Bypyllop < 1, by Lem. there exists for each [ some positive Bé‘y € B(HY,) such that

Z?-1
102 By, T = 14 © By llop < ’Gmm< (1= n)(1=06)e +2Cllopy/0(1 =) + 1,

Vi 515+2||0H0m>,

where d; = dim(#!; ® H';). The commutation assumption of By, with II; implies

1Bojy — > By Mylop < L(L — 1)e < d(d — 1)e.
l

Define Bll)|y = @ILZI ]lf4 ® B(l)‘y, and we are done by the triangle inequality. O

4 Applications and outlook

Our main results, Thm. and Thm. [3.7] establish quantitative approximate versions of Tsirelson’s
theorem from two distinct perspectives on almost commutation. The first approach (Thm.
provides an error guarantee contingent on potentially hard-to-determine algebraic complexity
parameters cq, ¢, c3 (discussed in Rem. , scaling roughly as O(cic3c3d?e). The second, doubly
probabilistic formulation (Thm. yields a bound scaling as O(d?¢) with prefactors dependent
on probabilistic confidence parameters (,7) of random unitary sampling and assumptions about
commutation with simple-block projectors. This offers a trade-off, making the latter potentially
advantageous when algebra generation is difficult, but probabilistic checks are feasible. Both methods
confirm the overall O(d%¢) error bounds, and these discussions can be generalized to multipartite
scenarios by induction, akin to the original Tsirelson’s theorem.

In this last section, we begin with an application to quantum information theory, as teased
in Sec. the construction of an approximating tensor-product strategy (Prop. based on
our main theorems. Next, we discuss the implications of our results in the context of the NPA
hierarchy and the known computational complexity results, giving scenarios with non-negligible
approximation error (Rem. . Then, we connect our works to the broader historical context on
approximating almost commuting matrices with genuinely commuting ones (Sec. . Lastly, we
finish by discussing the implications of our work and outlining future possible research directions.
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4.1 Constructing tensor-product approximation

For clarity, a tensor-product quantum strategy is a triple ({Aq|,},{ By}, p) on a Hilbert space
H = Ha ® Hp, where for each z the family {A,,} C B(H4) is a POVM (i.e., Ay, > 0 and
> Aajz = 14), for each y the family {By,} C B(Hp) is a POVM, and p € B(H) is a positive
operator with Tr(p) = 1. The associated correlations are

p(ab\my) = TI‘(,O : (Aa|$ ® Bb|y))

By contrast, a commuting operator quantum strategy is a triple ({Aq|; }, { Byjy}, p) on a single Hilbert
space H, where {Ay,}, {Byy} C B(H) are POVMs such that [A,),, By),] = 0 for all a,b, z,y with

correlations

p(ab\my) = TI‘(p : Aa]x ) Bb|y)'

As recalled in Sec. these two models are equivalent when # is finite-dimensional by Tsirelson’s
theorem.

In what follows, we relax exact commutation to e-almost commutation (in the senses made
precise in Theorems and and show how our results yield a constructive procedure: from
any d-dimensional e-almost commuting strategy, one can build a tensor-product strategy whose
correlations approximate the original ones up to O(d%c).

Proposition 4.1. Given a quantum strategy (Aa 25 Byjy, p) on a d-dimensional Hilbert space H that
is e-almost commuting (in the sense of Thms. or . Then there exist Hilbert spaces Ha, Hp
and a tensor-product strategy (A a\x>Bb|y> p) on ’HA ® HB such that its correlations are O(d?c)-close
to those of the original e-almost commuting strategy (Aq|es Byjy, p)-

Proof. The Artin-Wedderburn decomposition of the algebra generated by {A,,} implies that
H =P, Hy ® Hly with

a|m @Aa|:p®]l E@B(H%)(@]}.IB
l

Let II; be the orthogonal projectors to the i-th summand B(H%) ® ]llB. By Thm. or for all
b, y, the operators By, can be approximated within O(d?¢) in operator norm by positive operators

By, = @nA @ o TrHl (I, By, 1) € @1y @ B(H}p).
l

They satisfy >, Blg'y = 1 since the normalized partial trace is unital and ), By, = 1, hence forming

POVMs. This yields an exactly commuting strategy (Ag|,, B£|y, p) on H which is O(d?c)-close to
the original strategy.

We construct the equivalent tensor-product strategy (Aa|m, Bb‘y, p) as follows: Let Ha = @, HY4
and Hp = P, HlB. Define new operators

1
alx @A S B HA) Bb|y = @ E TI“HLA (Hle‘yHl) S B(HB),

and the new state

p=1up) € B(Ha®@Hp)
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via the natural embedding ¢ : B(, H!y ® H%) — B(Ha ® Hp). Thanks to the block structure
of p, one can directly check that the correlations of (A, Bl’)|y, p) are preserved by (Agje, By p),

consequently O(d?¢)-close to those of the original strategy. O

We note that our constructions recover the standard Tsirelson’s theorem asymptotically as
¢ — 0, indicating our result is a quantitative version of [Ozal3b].

4.2 NPA hierarchy and computational complexity

We comment on an interesting consequence of our approximate Tsirelson’s theorem in relation to
the NPA hierarchy [NPAO8; PNA10|, an important tool in the studies of quantum correlations.
This connection has implications for understanding when the approximation error from our theorem
must necessarily be significant.

Remark 4.2. The NPA hierarchy provides a sequence of constraints, indexed by level N, that
characterize correlations arising from commuting observable strategies. This hierarchy is complete
in the limit N — oco. At a finite level N, an NPA strategy Sy can be realized in a dn-dimensional
Hilbert space and involves observables that are O(1/v/N)-almost commuting [CV15, Thm. 23].

Our Thm. states that such an O(1/v/N)-almost commuting strateqy Sn can be approzimated
by a genuine tensor-product strategy with an operator norm error of O(d?\,/\/ﬁ) We argue that
this error term cannot always vanish as N — oo due to computational complexity arguments.

1. Consider the result MIP* = RE [Ji+21]. This implies there are problems (specifically, RE-
hard problems) for which the closure of the set of correlations achievable with tensor-product
strategies (Cqq) is strictly smaller than the set achievable with commuting observable strategies
(Cqe), i.e., Cqa C Cqe. The NPA strategies Sy generate correlations that converge towards
Cqc. Our approximation, being a tensor-product strategy, generates correlations within Cyq,.

Hence, the approzimation error O(d /v N) must be generally non-vanishing in the limit
N — oo. If not, i.e., the error vanished, it would imply Cyq could approzimate Cy. arbitrarily
well, contradicting the known set separation.

2. A similar line of reasoning applies to the conjecture MIP®® = coRE [Ji+21] (more precisely, the
gaped decision problem of quantum commuting value is coRE-hard). If this conjecture holds, it
would imply the existence of coRE-hard problems where O(l/m)—almost commuting strategies
SN can achieve outcomes (e.g., Bell scores) significantly larger than those achievable by any
strictly commuting observable strategy (and thus, by any tensor-product strategy). In such a
scenario, these Sy strategies would be inherently “far” from any tensor-product approzimation.
Consequently, our approximation of Sy by a tensor-product strategy must necessarily result in
a non-vanishing error of O(d%\,/\/ﬁ) to account for this performance gap.

In essence, these complexity results highlight scenarios where the distinction between almost-
commuting and strictly commuting (or tensor-product) models is presented. Our quantitative theorems
provide a bound on how well one can bridge this distinction, and these complexity results suggest
that our error bound, or indeed any such bound, cannot universally tend to zero.

4.3 Relation to prior works on almost commuting matrices

The question of whether matrices or operators that almost commute are necessarily close to a
genuinely commuting pair is a longstanding problem with a rich history, initiated by Rosenthal [Ros69)
for the normalized Hilbert-Schmidt norm and Halmos |[Hal76] for the operator norm. Early studies
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in the operator norm (e.g., [LT70; PS79]) often yielded affirmative answers, though typically with
dimension-dependent error bounds.

The search for dimension-independent bounds revealed a crucial dichotomy in the operator norm.
Voiculescu [Voi83| showed that almost commuting unitary matrices need not be close to commuting
ones (incidentally by considering clock-and-shift matrices ¥3, %), and Choi [Cho88| extended this
negative result to general matrices. In contrast, Lin’s theorem [FR96; |[Lin96| provided a positive
dimension-independent answer for a pair of self-adjoint matrices. Recently, extending the scope to
infinite dimensions and multiple operators, |[Lin24] has connected the approximability of self-adjoint
operators to spectral properties.

In parallel, the searches for dimension-independent bounds in the normalized Hilbert-Schmidt
norm established affirmative results for a pair of normal [Gle10], self-adjoint [FK10], and unitary
matrices [HS18|. More recently, Ioana [loa24] further confirms approximability if at least one matrix
is normal, while showing a negative result for general matrices.

Our work contributes to this area by considering two (thus, inductively, multiple) finite-
dimensional C*-algebras whose generators almost commute, formulated either in terms of operator
norm bounds against specific matrix generators (like clock-and-shift matrices) or via a probabilistic
formulation involving Haar-random unitaries. For both, we characterize how close these algebras are
to having genuinely commuting counterparts (or admitting an approximate tensor-product structure
by Prop. in the operator norm, deriving bounds that exhibit dependence on the dimension
d. Given the discussion in Rem based on known separations due to computational complexity
results [Ji+21], we do not expect such dimension dependence in the error bounds to be removable.

4.4 Discussions and future directions

Fundamentally, Tsirelson’s theorem connects the tensor-product formalism with the commuting
observable formalism for composite finite-dimensional quantum systems. While strict commutation
can be conceptually enforced by space-like separation, many physical scenarios or experimental
setups might only guarantee approximate independence due to correlated noise, imperfect isolation,
or other constraints. Our approximate Tsirelson’s theorems (Thm. and Thm. show that
Tsirelson’s conclusion is robust to such imperfections. They guarantee that e-almost commuting
observables (in either the deterministic or probabilistic sense) necessarily imply that the system’s
correlations are O(d?c)-close in operator norm to those of genuine tensor-product quantum cor-
relations. This validates the use of tensor-product formulation as an effective model even when
subsystem independence is only approximately satisfied.

As detailed above in Rem. our findings interface with the NPA hierarchy. This connection
is crucial, as it highlights, through computational complexity results like MIP* = RE [Ji+21], that
for certain problems the approximation error O(d%/ V/N) from our theorems cannot be universally
negligible. This signifies a fundamental limitation in approximating certain almost-commuting
strategies with tensor-product strategies, a limitation our quantitative error bounds necessarily
reflect. Conversely, for scenarios without this intrinsic separation, improving our error bounds
remains interesting for applications like robust self-testing [SB20].

Furthermore, our probabilistic Stampfli’s theorems (Thm. and Thm. open possibilities
beyond Tsirelson’s problem itself. It is natural to explore probabilistic commutation hypotheses
in intrinsically infinite-dimensional settings, for instance, by sampling random unitaries using
frameworks like free probability theory [MS17]. Viewing Stampfli’s theorem as a generalization of
Schur’s lemma, another promising direction involves investigating whether our probabilistic versions
can lead to analogous generalizations of other consequences of Schur’s lemma, such as probabilistic
Schur-Weyl duality, which could in turn lead to probabilistic formulations of quantum de Finetti
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theorems |[Ren08§].
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